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ABSTRACT
In this paper we prove some formulae involving double series and single series.
On specializing the parameters we obtain some new summation formulae for
double series.
1. INTRODUCTION
Carlitz [3], Singal [5], Jain [4], Sharma [7-12], Abiodun and Sharma
[1] and the author [13-15] have obtained transformation formulae for
hypergeometric series of two variables. On specializing the parameters in
the transformation formulae some summation formulae for double series
were obtained. In this paper we obtain relations between double series
and single series and, on specializing the parameters, we obtain some new
summation formulae for double series.
The following notation due to Burohnall and Chaundy [2] will be used
to represent the hypergeometric series of higher order and of two variables:
lF [(ap ) ; (bq) ; (Or); x, YJ(d,); (eli); (fk);(1) _ ! I [(ap)]m+n [(bq)]m [(Cr)]n xmyn- 11&-0 n=O [(d,)]m+n [(eli)]m [(M]n m! n! '
where (ap) and [(ap)]m+n will mean the sequence aI, "', ap and the product
(al)m+n ... (ap)m+n.
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(2)
(3)
(4)
The following results are due to Saalschiitz [6, p. 243 (IlI.2)]
3F2[ /x, fJ, -n; 1 ] _ (Y-/Xh,,(y-fJ)n1', 1+/X+fJ-y-n; - (Y)n(y-/X-fJ)n'
Dixon [6, p. 243 (IlLS)]
F[ /X,fJ,y;l ]
3 2 l+/X-fJ,l+/X-y;
F(l + t/X) F(l +/X -fJ) F(l +/X -1') F(l +!/X -fJ -1')
= F(l+/X) F(l+!/X-fJ) F(l+t/X-y)F(l+/X-fJ-y) '
Whipple [6, p. 243, equ (IILI0)]
4Fs [ /x, 1 +!/X, fJ, 1'; -1 ] = F(1 +/X-fJ) F(l +/X-y)
t/X, 1+/X-fJ, 1 +/X-y; r(I+/X) F(1 +/X-fJ-y) '
Dougall [6, p. 244, equ (IIl.12), p. 244, equ (III.14)]
(5)
and
(6)
sF [ /x, 1+!/X, fJ, r, 15; 1 ]
4 t/X, l+/X-fJ, 1+/X-y, 1+/X-15;
_ F(l+/X-fJ) F(l +/X-y) F(l +/X-15) F(1 +/X-fJ-y-15)
- F(1 +/X) F(1 +/X-y-15) T(l +/X-fJ-15) F(1 +/X-fJ-y) '
F [ /X, 1+!/X, fJ, 1', 15, e. -n; 1 ]
7 6 t/X, 1+/X-fJ, 1+/X-y, 1+/X-15, 1+/X-e, 1+/X+n
(1 + /X)n (1 + /X -fJ -Y)n (1 +/X-fJ -15)n (1 +/X -y-15)n
(1 +/X -fJ)n (1 +/X -Y)n (1 +/X -15)n (1 +/X -fJ -y-15)n '
provided that 1+2/X=fJ+y+15+e-n.
2. The first formula to be proved is
F[ 1+!/X; -n, /Xl, fJl; -m, /X2, fJ2; 1, 1 ]
1 +/X; 1 + t/X, /Xl + fJl -/X -n; 1 + t/X, /X2 + fJ2-/X-m;
(1 + /X -/Xl)n (1 + /X - fJl)n (1 + /X -/X2)m (1 + /X - fJ2)m
= (1 +/X)n (1 +/X)m (1 +/X-/Xl-fJl)n (1 +/X-/X2-fJ2)m
(7)
valid for all values of /X, /Xl, fJl' /X2 and fJ2' since the double series and the
single series terminate, except, when the series are not defined.
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PROOF: To prove (7), we start with the left side of (7)
_ i ! (1+ !<X)p+q (-n)p (<XI)P ({lIb (-m)q (<xz)q ({lz)q
- 1'-0 q-O (1 + <X)p+q(1 + t<X)P(<XI + fh - <X -n)p(l + !<x)q(<xz+ PZ-<X -m)qp !q!
by (1)
= i ! (-n)p (<XI)p (PI)P (-m)q (<xz)q (pz)q
1'=0 q-O (<Xl + PI-<X -n)p (<XZ + PZ -<x-m)q (1+<x)p(1+<x)qp! q!
min (l>.q)
L
r-O
by (3)(-P)r (-q)r (<x)r
r ! (1+<x+p),(l +<x+q)r
= mIn!'fa) (-n)r (-m)r (<x)r (PI)r (PZ)r (<XI)r (<XZ)r
r-O (1 + <X)Zr (1 + <X)Zr (<Xl + fh -<x-n),(<xz + pz-<X-m)rr!
(1 + <X -<XI)n (1 + <X - /JI)n (1 + <X -<Xz)m (1+ <X - pZ)m
(1+<X)n (1+<x)m (1+<X -<XI-pdn (1+<X-<XZ-Pz)m
by (2),
This completes the proof of (7). Now we shall mention some of the inter-
esting particular cases of (7). In case n -+ 00 and m -+ 00 in (7), it gives
F(l + <X) F(l + <X) F(l + <X - <Xl - PI) F(l + <X - <Xz - pz)
F(l + <X-<XI) F(l + <X -PI) F(l + <x-<xz) F(l + <X -pz)
(8)
valid for R(l+<X-<XI-PI»O and R(l+<X-<Xz-Pz»O. In case <Xl+<X2=
= 1+<X in (3), it gives
(9) F [1 + l <x ; <Xl, PI; <X2, P2; 1, 1J1 + <X; 1 + t<X; 1+ i<x ;
F(l + t<X) F(l + <X )F(l + <X -<Xl-PI) F(l + <X -<X2 - P2) F(l + i<x - PI - P2)
= F(l + <X - «i) F(l + <X - <X2) F(l + !<X - PI) r(l + l<x - P2) r(l + <X - PI - P2)
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where 1+lX=lXl+lX2, R(1 +lX-lXl-/h»O and R(1 +lX-lXs-P2»0. (9) is
due to Sharma [10].
In case l+lX=lXl +lX2=Pl +P2 in (7) and using (3), we get a new sum-
mation formula.
(10)
F[I+!lX; -11" lXI, PI; -m, lX2, P2; 1, 1 ]
1+lX; 1+!lX, lXl +Pl-lX-n; 1 +llX, lX2+PS-lX -m;
(1 + flX)m+n (1 +lX-lXl)" (1+lX-Pl)n (1 +lX-lX2)m (1+lX-Ps)m
= (1 + lX)m+n (1 +!lX)n (1 +lX-lXl-Pl)" (1 + IlX)m (1 +lX-lX2 -P2)m'
In case /h=l+flX and 1+2lX=lXl+lX2+P2-m-n in (7) and using (6),
we obtain another new summation formula
(11)
(
F [ I + ! lX ; -n,lXl; -m,lX2,p2; 1, 1 ]
1+ lX; 1+ lXl - flX - 11,; 1+ flX, lX2 + P2 -lX - m;
_ (flX)n (1 +lX-lXl-lX2)n (1+lX-P2)m (1 +lX-lXl-lX2)m
/
.' - (llX-lXl)n (1+lX-lX2)n (1+lX-lXl)m (1+lX-lX2 -P2)m
(1 +lX-lXl)m+n (1 +lX-lXS)m+n
I (l+lX)m+n(l+lX- lXl-lXs)m+n'
In case lXl + lXS = 1 + oc and PI = 1 + flX in (7) and using (5), we obtain another
new summation formula
(12) IF[1 +llX; -11" lXl; -m, lXS, ps; 1, 1 ]1+lX; 1+lXl-!lX-n; 1+!lX, lXs+PS-lX -m;(!lX)n (1+lX-lXl)n (1+lX-lXs)m (1+lX-P2)m (1+lX-P2)m+n= (!lX-lXl)n (1 + lX-P2)n (1 +lX-P2)m (1+lX-lX2-P2)m (1+lX)m+n .
3. The second formula to be proved is
F[-; -11" lXI, PI; -m, lX2, P2; 1, 1 ]
1+lX; lXl+pl-lX-n; lXs+P2-lX-m;
(1 + lX -lXl)n (1 + lX - Pl)n (1 + lX -lX2)m (1 + lX - Ps)m
(1+lX)n(1 +lX-lXl-Pl)" (1+lX)m (1 +lX-lX2 -P2)m
valid for all values of lXI, lX2, PI, P2 and lX, since the double series and single
series terminate, except, when the series are not defined.
PROOF: (13) can be proved in the same way as (7) by using (4) instead
of (3).
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(14)
We shall mention some particular cases of (13). In case 1 +IX=IXI +lXa=
=fh+fJa in (13), we get
lF[-; -n, lXI, fJI; -m, lXa, fJa; 1, 1 J1+IX; IXI +fJI-IX-n; lXa +fJa -IX-m;_ (1 +1X-IXI)n (1+1X-fJI)n (1+1X-lXz)m (I+IX-fJz)m- (1+ IX -IXI - fJI)n (1 + IX -lXa- fJa)m (1+ lX)m+n '
where 1 +IX=IXI +lXa=fJI+fJa. (14) is due to Jain [4].
In case n -+ 00 and m -+ 00 in (13), we get
r(I + IX) r(1 + IX) r(I + IX -IXI - fJI) r(1 + IX -IXZ - fJa)
= nr+ IX -IXI) r(I + IX - fJI) r(1 + IX -lXa) r(I + IX -liz)
(15)
provided that R(I+IX-IXI-fJI»O and R(I+IX-lXa-fJz»O.
4. The third formula to be proved is
F[I +1X-fJ; -m, el, Yl; -n, ea, Ya; 1, 1 J
I+IX; I+IX-fJ, el +YI-IX-m; 1+1X-fJ, ea+Ya-lX-n;
(1 + IX -el)m (1 +IX -YI)m (I +IX -ea)n (1 +IX -yz)n
(1 + IX -Yl-el)m (1+1X)m (1+IX-ya - ea)n (1+1X)n
valid for all values of IX, fJ, el, ez, YI and Ya, since the double series and
single series terminate, except, when the series are not defined.
PROOF: (16) can be proved in the same way as (7) by using (5) instead
of (3). We mention some interesting particular cases of (16).
In case n -+ 00 and m -+ 00 in (16), it gives
F[I +1X-fJ; el, Yl; ea, yz; 1, IJ
1+IX; 1+1X-fJ; 1+1X-fJ;
r(I + IX) r(I + IX) r(I +IX-el-Yl) r(I +IX-ez-yz)
r(1 +IX-el) r(I +IX-Yl) r(I +IX-ez) r(I +IX-YZ)
(17)
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Provided that R(I + ex - el - YI) > 0 and R(I + ex - e2- Y2) > O.
In case el+e2=Yl+Y2=I+ex in (16) and (17), we obtain
and
(19) IF [ I + ex _ ,8; e
l , YI ; e2, Y2; I, IJ
1+ex; 1 +ex-,8; 1 +ex-,8;
_ T(l+ex-el-YI) T(I+ex-,8) T(l+ex-e2-Y2) T(I+ex)
- T(I"':"'ex-el) T(I +ex-YI) T(I +ex-!?2) T(I"':"'ex-Y2) ,
(20)
provided that R(I+ex-el-YI»O and R(I+ex-e2-Y2»0.
Taking el +e2= 1+ ex in (16) and using (6), we get another new sum-
mation formula.
F[I+ex-,8; -m, e. Y; -n, I+ex-e, l-j-2ex-,8-y+m+n; I, IJ
I+ex; l+ex-,8, e+y-ex-m; l+ex-,8, 2+3ex-,8-e-y;
(I +ex -,8 -Y)n (e)n (I + ex -e)m (2 + 2ex -e -,8 -Y)m (I + ex - (3)m+n (I +ex -Y)m+n
= (I + ex -(3)n (I +ex -Y)n (I + ex - (3)m (I +ex - y -e)m (I +ex)m+n (2 + 2ex -,8 -e -Y)m+n '
Taking Y2= -n and 1+2ex={3+el+e2!-YI-n in (17) and using (6), we
get a new summation formula.
(21) lF[I +ex-,8; e, y; 1+2ex-,8-e-y+n, -n; I, IJI+ex; l+ex-,8; l+ex-,8;_ (-I)n (I +ex -,8 -e)n (I +ex -,8 -Y)n T(I +ex) T(I +ex-e -Y +n)- (I +ex-f3)n r(1 +ex-e+n) r(1 +ex-y+n)
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